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The exact quantum dynamics of a single spin-1/2 in a generic time-dependent classical magnetic
field is investigated and compared with the quantum motion of a spin-1/2 studied by Rabi and
Schwinger. The possibility of regarding the scenario studied in this paper as a generalization of that
considered by Rabi and Schwinger is discussed and a notion of time-dependent resonance condition
is introduced and carefully legitimated and analysed. Several examples help to disclose analogies
and departures of the quantum motion induced in a generalized Rabi system with respect to that
exhibited by the spin-1/2 in a magnetic field precessing around the z-axis. We find that, under
generalized resonance condition, the time evolution of the transition probability P−+ (t) between the
two eigenstates of Sˆz may be dominated by a regime of distorted oscillations, or may even exhibit a
monotonic behaviour. At the same time we succeed in predicting no oscillations in the behaviour of
P−+ (t) under general conditions. New scenarios of experimental interest originating a Landau-Zener
transition is brought to light. Finally, the usefulness of our results is emphasized by showing their
applicability in a classical guided wave optics scenario.
PACS numbers: Valid PACS appear here
I. INTRODUCTION
Spin language is transversal to every physical scenario
wherein, by definition, the states of the specific system
under scrutiny live in a finite-dimensional Hilbert space.
When the generally time-dependent Hamiltonian of the
system may in particular be expressed as linear combi-
nation of the three generators of su(2), the correspond-
ing quantum dynamical problem coincides with that of
a spin j in a time-dependent magnetic field. It is well
known that the time evolution of the spin j in this case
is fully recoverable from that of a spin j = 1/2 subjected
to the same magnetic field [1]. On the other hand, how-
ever, a closed general form of the 2x2 unitary evolution
operator is still unavailable. As a consequence, to bring
to light new dynamical scenarios of a spin-1/2 represents
a target of basic and applicative importance in many con-
texts such as quantum optics [2], quantum control [3, 4],
quantum information, and quantum computing [5–7].
Rabi [8, 9] and Schwinger [10] exactly solved the quan-
tum dynamics of a spin-1/2 in the now called Rabi sce-
nario, that is, subjected to a static magnetic field Bz along
the z-axis and an r.f. magnetic field rotating in the x-y
plane with frequency ωxy, namely
BR(t) = B⊥[cos(ωxyt)c1− sin(ωxyt)c2]+B0c3, (1)
c1,c2 and c3 being fixed unit vectors in the laboratory
frame. Their seminal papers show that the probability
of transition between the two Zeeman states generated
by Bz = B0c3 is dominated by periodic oscillations reach-
ing maximum amplitude under the so-called resonance
condition ∆ = ωxy −ωL = 0. Here ωL is the spin Larmor
frequency. The exact treatment of this basic problem
provides the robust platform for the NMR technology im-
plementation [11]. The recently published special issue
on semiclassical and quantum Rabi models [13] witnesses
the evergreen attractiveness of this problem.
Searching new exactly solvable time-dependent scenar-
ios of a single spin-1/2 could be very interesting and
worth both from basic and applicative points of view, es-
pecially in the quantum control context. To pursue this
target, over the last years, new methods have been devel-
oped to face the problem with an original strategy [14–
18]. We stress that progresses along this direction might
be of relevance even for treating time-dependent Hamil-
tonians describing interacting qubits or qudits [19–21].
In turn exact treatments of such scenarios might stim-
ulate the interpretation of experimental results in fields
from condensed matter physics [22, 23] to quantum in-
formation and quantum computing [24–27].
In this paper we construct the exact time evolution of
a spin-1/2 subjected to time-dependent magnetic fields
never considered before. Our investigation introduces,
in a very natural way, three different classes of General-
ized Rabi Systems (GRSs) wherein Rabi oscillations of
maximum amplitude still survive. We succeed indeed in
identifying generalized resonance conditions which are, as
in the Rabi scenario, at the origin of the complete pop-
ulation transfer between the two Zeeman levels of the
spin. We bring to light that, even at resonance, these os-
cillations might loose its periodic character, significantly
differing, thus, from the sinusoidal behaviour occurring
in the Rabi scenario. In this paper we have also con-
sidered time-dependent magnetic fields giving rise to ex-
actly solvable models not satisfying the resonance con-
dition. In this way, we are able to write down a special
2link among all the time-dependent parameters appearing
in the Hamiltonian of the system even if the resonance
condition is not met, for which, however, the dynamical
problem is exactly solvable. The departure of the time
evolution of the transition probability out of generalized
resonance from the corresponding behaviour in the Rabi
scenario is illustrated with the help of two exemplary
cases.
The paper is organized as follows: in Sec. II two sets
of parametrized solutions of the dynamical problem of
a single spin-1/2 in a time-dependent magnetic field are
given. The generalized time-dependent resonance con-
dition and the generalized out of resonance case are in-
troduced and physically legitimated In Sec. III. In the
subsequent section (Sec. IV) several examples illustrate
the occurrence of effects on the Rabi transition probabil-
ity due to the magnetic field time-dependence. Finally,
in the Conclusion section, a summary of the results with
possible applications and future outlooks are briefly dis-
cussed.
II. RESOLUTION OF 2X2 SU(2) QUANTUM
DYNAMICAL PROBLEMS
The problem of a single spin-1/2 subjected to a generic
time-dependent magnetic field B(t) ≡ [Bx(t),By(t),Bz(t)]
is investigated by assuming the su(2) Hamiltonian model
H(t) =
(
Ω(t) ω(t)
ω∗(t) −Ω(t)
)
, (2)
with
Ω(t) =
h¯µ0g
2
Bz(t), (3a)
ω(t) =
h¯µ0g
2
[Bx(t)− iBy(t)]≡ ωx− iωy ≡ |ω(t)|eiφω (t).
(3b)
Here µ0g is the magnetic moment associated to the
spin-1/2, g and µ0 being the appropriate Lande´ fac-
tor and the Bohr magneton, respectively. The entries
a(t)≡ |a(t)|exp{iφa(t)} and b(t)≡ |b(t)|exp{iφb(t)} of the
unitary time evolution operator
U(t) =
(
a(t) b(t)
−b∗(t) a∗(t)
)
, |a(t)|2+ |b(t)|2 = 1, (4)
generated by H(t), must satisfy the Cauchy-Liouville
problem ih¯U˙(t) = H(t)U(t), U(0) = 1, which originates
the following system of linear differential equations

a˙(t) =
Ω
ih¯
a(t)− ω
ih¯
b∗(t),
b˙(t) =
ω
ih¯
a∗(t)+
Ω
ih¯
b(t),
a(0) = 1, b(0) = 0.
(5)
It is possible to demonstrate [17] that if Θ(t) is a
complex-valued C1 function of t satisfying the nonlinear
integral-differential Cauchy problem
1
2
Θ˙(t)+
|ω(t)|
h¯
sinΘ(t)cot
[2
h¯
∫ t
0
|ω(t ′)|cosΘ(t ′)dt ′
]
=
=
Ω(t)
h¯
+
φ˙ω (t)
2
, (6a)
Θ(0) = 0, (6b)
then the solutions of the Cauchy problem (5) can be rep-
resented as follows
a(t) =cos
[
1
h¯
∫ t
0
|ω(t ′)|cos[Θ(t ′)]dt ′]×
exp
{
i
(
φω (t)−φω(0)
2
− Θ(t)
2
−R(t)
)}
, (7a)
b(t) =sin
[
1
h¯
∫ t
0
|ω(t ′)|cos[Θ(t ′)]dt ′]×
exp
{
i
(
φω (t)+φω(0)
2
− Θ(t)
2
+R(t)− pi
2
)}
,
(7b)
with
R(t) =
∫ t
0
|ω(t ′)|sin[Θ(t ′)]
sin
[
2
∫ t′
0 |ω(t ′′)|cos[Θ(t ′′)]dt ′′
]dt ′. (8)
Vice versa, if a(t) and b(t) are solutions of the Cauchy
problem (5), then the representations given in Eqs. (7)
are still valid and Θ(t) satisfies Eqs. (6).
Generally speaking, solving Eq. (6) is a difficult task.
This equation however may be exploited in a different
way, giving rise to a strategy [17] aimed at singling out
exactly solvable dynamical problems represented by Eq.
(5). Fixing, indeed, at will the function Θ(t) in Eqs.
(6), that is, Θ(t) regarded now as a parameter (function)
rather than an unknown, determines a link between Ω(t)
and ω(t) under which the corresponding dynamical prob-
lem may be exactly solved in view of Eqs. (7). We em-
phasize that if we knew the solution of the Cauchy prob-
lem given in Eq. (6), whatever Ω(t), |ω(t)| and φ˙ω (t)
are, then we would be in condition to solve in general the
corresponding Cauchy dynamical problem expressed by
Eqs. (5).
Another useful way of parametrizing the expressions of
a(t) and b(t) is
a(t) =
√
h¯2+ c2 cos2[Φ(t)]
h¯2+ c2
×
exp
{
i
(
φω(t)
2
− tan−1
[
h¯√
h¯2+ c2
tan[Φ(t)]
])}
,
(9a)
b(t) =
c√
h¯2+ c2
sin[Φ(t)]exp
{
i
(
φω(t)
2
− pi
2
)}
, (9b)
3with
Φ(t) =
√
h¯2+ c2
h¯c
∫ t
0
|ω(t ′)|dt ′, (10)
c being an arbitrary real number and having put, without
loss of generality, φω (0) = 0. In this case, it is possible
to check that they solve the system (5) if the following
condition holds
|ω(t)|
c
=
Ω(t)
h¯
+
φ˙ω (t)
2
. (11)
It is stressed that this last equation does only express the
condition under which, whatever c is, the representations
(9) satisfy the Cauchy problem (5). This means that the
real number c plays in this case the role of parameter.
When Eq. (11) cannot be satisfied for any c, of course
the solution of the dynamical problem exists but cannot
be represented using Eqs. (9). In this case there cer-
tainly exists a function Θ(t) enabling the representation
of the solutions by using Eqs. (7). Finally, it is inter-
esting to underline that Eq. (6a) turns into the simpler
condition (11) on B(t) under an appropriate choice of the
parameter function Θ(t) [17].
III. GENERALIZED RESONANCE CONDITION
AND OUT OF RESONANCE CASES
The experimental set-up considered by Rabi, as de-
scribed in the introduction, leads to the Hamiltonian
model (2) where
Ω(t) =
h¯µ0g
2
B0 ≡ Ω0, (12a)
|ω(t)|= h¯µ0g
2
√
B2x(t)+B
2
y(t) =
h¯µ0g
2
B⊥ ≡ |ω0|, (12b)
φω (t) = ν0t ≡ φ˙0t. (12c)
Then it is characterized by the three time-independent
parameters: Ω0, |ω0| and φ˙0. In this paper we generalize
this Rabi scenario by making some out of or all these
parameters time-dependent: Ω → Ω(t), |ω | → |ω(t)| and
φ˙ω → φ˙ω(t).
Firstly, we rewrite the general Hamiltonian (2) as fol-
lows
H = Ω(t)σˆ z+ωx(t)σˆ
x +ωy(t)σˆ
y, (13)
with ωx/y(t) = h¯µ0gBx/y(t)/2 and σˆ
x/y/z being Pauli matri-
ces. Generalizing the approach in Ref. [9], we pass from
the laboratory frame to the time-dependent one tuned
with φω (t), where the time-dependent Schro¨dinger equa-
tion for the transformed state,
|ψ(t)〉= exp{iφω(t)σˆ z/2}|ψ˜(t)〉, (14)
is governed by the following effective time-dependent
transformed Hamiltonian
HGR(t) =
(
Ω(t)+
h¯
2
φ˙ω (t)
)
σˆ z + |ω(t)|σˆ x. (15)
It is worth noticing its strict similarity with the anal-
ogous one got in Ref. [9] where the unitary transforma-
tion is indeed a uniform rotation around the z-axis. In
fact, it is enough to make Ω(t), |ω(t)| and φ˙ω (t) time-
independent in HGR (GR stands for Generalized Rabi) to
immediately recover the transformed Hamiltonian got by
Rabi [9]. On the basis of this observation it then appears
natural to refer to the following condition
Ω(t)+
h¯
2
φ˙ω (t) = 0, (16)
as a generalized resonance condition, in accordance
with the corresponding static resonance condition Ω0+
h¯φ˙0/2 = 0 brought to light by Rabi in Ref. [8]. We un-
derline that the generalized resonance condition does not
lead to a time-independent transformed dynamical prob-
lem (as it happens in the Rabi scenario), but, whatever H
is, it easily enables the explicit construction of the time
evolution operator describing the quantum motion of the
spin in the laboratory frame. In view of Eq. (11), the
entries of such an operator are indeed exactly given by
Eqs. (9) in the limit c→ ∞, namely
a(t) =cos
[∫ t
0
|ω |
h¯
dt ′
]
exp
{
i
φω (t)
2
}
, (17a)
b(t) =sin
[∫ t
0
|ω |
h¯
dt ′
]
exp
{
i
φω (t)
2
− ipi
2
}
. (17b)
By definition, we say to be in generalized out of res-
onance when the left hand side of Eq. (16) is non-
vanishing, namely
Ω(t)
h¯
+
φ˙ω(t)
2
= ∆(t) 6= 0, (18)
where ∆(t) is an arbitrary energy-dimensioned well-
behaved function of time. Generally speaking, to find
the exact quantum dynamics of the spin in the generic
out of resonance case, is a very complicated mathemat-
ical problem. Let us observe that, on the basis of the
structure of HGR in Eq. (15), when ∆(t) is proportional
to |ω(t)|, the dynamical problem may be exactly solved.
Indeed, this condition coincides with that expressed by
Eq. (11) which in turn enables one to write down exact
solutions of the Cauchy problem (5) in the form given by
Eqs. (9). In this paper we report the exact solutions of
special non trivial out of resonance dynamical problems.
Our aim is to illustrate the occurrence of analogies and
differences in the time behaviour on the Rabi transition
probability
P−+ (t) = |〈−|U(t)|+〉|2 = |b(t)|2, (19)
(σˆ z|±〉=±|±〉), when the time evolution of the magnetic
field acting upon the spin cannot be described as a perfect
precession around the z-axis.
4IV. EXAMPLES OF GENERALIZED RABI
MODELS
This section is aimed at showing how the Rabi tran-
sition probability P−+ (t) = |〈−|U(t)|+〉|2 is only slightly
as well as strongly affected by different choices of the
time-dependent magnetic fields under general conditions.
The following examples are reported to illustrate such be-
haviour.
A. Examples of GRSs Dynamics under Generalized
Resonance Condition
Let us consider, firstly, the generalized resonance con-
dition in Eq. (16). We know that, in this instance, the
time evolution operator is characterized by the time be-
haviour of its two entries given in Eq. (17), so that the
transition probability reads
P−+ (t) = sin
2
[∫ t
0
|ω |
h¯
dt ′
]
. (20)
It is immediately evident that P−+ (t) could or could not be
periodic. Indeed, e.g., setting |ω(t)| = |ω0|sech(|ω0|t/h¯),
obtainable by an x-y magnetic field varying over time as
Btr =Bx(t)c1+By(t)c2
=B⊥ sech(|ω0|t/h¯)[cos
(
φ˙0t
)
c1− sin
(
φ˙0t
)
c2],
(21)
we get
P−+ (t) = tanh
2(|ω0|t/h¯), (22)
resulting in a Landau-Zener-like transition [28], that is
an asymptotic aperiodic inversion of population. Figures
1a and 1b represent the transverse magnetic field in Eq.
(21) and the resulting transition probability in Eq. (22),
respectively, plotted against the dimensionless time τ˜ =
|ω0|t/h¯ with φ˙0/h¯|ω0|= 10.
However, of course, it is easy to understand that it
is possible to make choices either resulting in a oscillat-
ing but not periodic transition probability or exhibiting a
periodic behaviour, even if not coincident with that char-
acterizing the Rabi scenario. If we consider, for example,
|ω(t)|= |ω0|e−γt , (23)
reproducible by engineering the transverse magnetic field
as
Btr =Bx(t)c1+By(t)c2
=B⊥e−γt [cos
(
φ˙0t
)
c1− sin
(
φ˙0t
)
c2],
(24)
the resulting transition probability yields
P−+ (t) = sin
2[α(1− e−γt)], (25)
with α = |ω0|/h¯γ. We point out that, for the sake of
simplicity, in Eqs. (21) and (24) we have put φω (t) = φ˙0t,
even if, in general, the expression of the probability in
Eq. (25) holds whatever φω (t) is, provided that Eq. (16)
is satisfied. Figure 1c shows the time behaviour of the
magnetic field in the x-y plane, against the dimensionless
parameter γt, when α = 9pi/2 and φ˙0/γ = 10.
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Figure 1: (Color online) a) The normalized magnetic
field in Eq. (21), parametrically represented in the x-y
plane and the joined b) transition probability in Eq.
(22) against the dimensionless parameter τ˜ = |ω0|t/h¯
with φ˙0/h¯|ω0|= 10; c) the normalized magnetic field in
Eq. (24), parametrically represented in the x-y plane
and the related d) transition probability in Eq. (25)
against the dimensionless parameter γt with
|ω0|/h¯γ = 9pi/2 and φ˙0/γ = 10; e) the normalized
transverse magnetic field in Eq. (29), parametrically
represented in the x-y plane in terms of τ˜ = φ˙0t with
A′/B⊥ = 1 and λ = 10φ˙0 and the related f) transition
probability in Eq. (30) for k = 1 and n = 10 and C = 1.
The time behaviour of P−+ (t) as given in Eq. (25) is
reported in Fig. 1d for α = 9pi/2. We recognize the exis-
tence of a transient wherein P−+ (t) exhibits aperiodic os-
cillations of maximum amplitude which, after a finite in-
terval of time, turn into a monotonic increase that asymp-
totically approaches 1. We emphasize that the number
5of complete oscillations, preceding the asymptotic be-
haviour of P−+ (t) as well as P
−
+ (∞) itself, are α-dependent.
Equation (25), indeed, predicts
P−+ (∞) = sin
2(α), (26)
which immediately leads to


P−+ (∞) = 0, α = npi ,
P−+ (∞) = 1, α =
2n+ 1
2
pi ,
P−+ (∞) = sin
2(α), otherwise.
(27)
As our third example, we consider the following mod-
ulation of |ω(t)|
|ω(t)|= |ω0|+Acos(λ t), (28)
realizable by engineering the transverse magnetic field as
Bx(t) = [B⊥+A′ cos(λ t)]cos(φ˙0t),
By(t) =−[B⊥+A′ cos(λ t)]sin(φ˙0t).
(29)
Here A = h¯µ0gA
′/2, A′ > 0 and λ = nφ˙0 with n ∈N∗. The
transverse field is represented in Fig. 1e against the adi-
mensional time parameter τ˜ = φ˙0t, once more supposing
for simplicity φω (t) = φ˙0t.
In this case, the Rabi’s transition probability results
P−+ (t) = sin
2
[
C
(
τ˜ +
k
n
sin(nτ˜)
)]
, (30)
with
C =
|ω0|
h¯φ˙0
, k =
A′
B⊥
, τ˜ = φ˙0t, n =
λ
φ˙0
. (31)
The behaviour of P−+ (t) in Eq. (30) is shown in Fig. 1f,
having put k = 1, n = 10 and C = 1. Differently from the
previous example, we see that, in this case, the charac-
teristic sinusoidal behaviour of the Rabi transition prob-
ability turns into a periodic population transfer, still of
maximum amplitude, between the two energy levels of
the spin. We emphasize that, in view of Eq. (20), differ-
ent time evolutions of P−+ (t) require different choices of
|ω(t)| only, then regardless of Ω(t) and φω (t) which are
constrained by the generalized resonance condition (16)
only. We stress, however, that distinct realizations of
the resonance condition, keeping the same |ω(t)|, intro-
duce significant changes in the dynamical behaviour of
the GRS with respect to the Rabi system. It is enough
to consider, for example, that
〈+|U†(t)σˆ x/yU(t)|+〉=∓2h¯|a(t)||b(t)|cos[φa(t)+φb(t)],
(32)
depend on both φω (t) and |ω(t)|, in view of Eqs. (17).
B. Examples of GRSs Dynamics in Generalized out
of Resonance Cases
In this subsection we analyse the generalized out of
resonance case, defined in Eq. (18). Since it appears
hopeless to have an exact closed treatment of the Cauchy
problem in Eq. (6) with an arbitrary ∆(t), we confine
ourselves to the following specific forms
h¯∆(t) =
{
β0|ω(t)|,
β (t)|ω(t)|. (33)
where β0 and β (t) are non-negative adimensional func-
tions. The first form coincides with the condition in Eq.
(11) with β0 = h¯/c. In this case, the solutions a(t) and
b(t) of the system in Eq. (5) may be cast as reported in
Eqs. (9) so that
P−+ (t) =
1
1+β 20
sin2
[√
1+β 20
∫ t
0
|ω(t ′)|
h¯
dt ′
]
. (34)
In the limit β0 → 0 we recover Eq. (20) from this equa-
tion. Thus, we may compare P−+ (t) in the resonant and
this non-resonant cases when |ω(t)| is fixed in the same
way. It is easy to convince oneself that the main effect of
a positive value of the parameter β0 on P
−
+ (t) is nothing
but a scale effect determined by the ratio 1/(1+β 20 ).
We wish now to bring to light and to discuss some ex-
actly solvable scenarios of generalized, out of resonance,
Rabi problems wherein ∆(t) = β (t)|ω(t)|. To this end, it
is useful to observe that postulating Θ(t) as function of t
through
τ(t) =
∫ t
0
|ω(t ′)|
h¯
dt ′, (35)
we would get, by Eq. (6), the desired form of ∆(t), by
construction. We stress however that the corresponding
function β (t) would be functionally-dependent on |ω(t)|,
that is determined by the knowledge of |ω(t)|. We em-
phasize that this aspect, however, does not spoil of in-
terest such a particular procedure. In the following ex-
amples we indeed report two applications of the general
strategy [17] exposed after Eq. (8) in Sec. (II), where
those β (t)s that make Eqs. (6) solvable are fixed.
1. CASE 1
Assuming the solution of the Cauchy problem (6) as
Θ(t) = 2tan−1
(
2τ√
2+ 4τ2
)
, (36)
it is straightforward to show that
∫ t
0
|ω(t ′)|
h¯
cos[Θ(t ′)]dt ′ =
1
2
tan−1(2τ). (37)
6Equation (6a) immediately yields
∆(t) =
4(1+ τ2)
(1+ 4τ2)
√
2+ 4τ2
|ω(t)|
h¯
≡ β˜ (τ)|ω(t)|= β (t)|ω(t)|.
(38)
From this point on, we are ready to specialize Eqs. (7)
getting
|a(t)|=
√√
1+ 4τ2+ 1
2
√
1+ 4τ2
, |b(t)|=
√√
1+ 4τ2− 1
2
√
1+ 4τ2
, (39)
and
φa(t) =
φω (t)−φω(0)
2
− tan−1
(
2τ√
2+ 4τ2
)
+
i√
2
EllipticE[isinh−1(2τ),1/2], (40a)
φb(t) =
φω (t)+φω(0)
2
− tan−1
(
2τ√
2+ 4τ2
)
− i√
2
EllipticE[isinh−1(2τ),1/2]− pi
2
, (40b)
with EllipticE(φ ,m) =
∫ φ
0 [1−msin2(θ )]1/2dθ . It is inter-
esting to consider a simple case in which |ω(t)|= const.=
|ω0|. In this instance we have such a situation that
P−+ (t)= |b(t)|2 (P++ (t)= |a(t)|2) goes from 0 (1), at t = 0, to
1/2
(
1/2
)
, when t → ∞, as it can be appreciated by their
plots in Fig. 2b: full blue and dashed red lines, respec-
tively. In Fig. 2a we may appreciate the time behaviour
of h¯∆(t)/|ω0| related to this specific physical scenario.
This specific out of resonance time-dependent scenario,
then, asymptotically evolves the initial state |+〉 towards
an equal-weighted superposition of the two eigenstates
of σˆ z. One can convince oneself that this circumstance
is intimately related to the fact that, in this case, the
“detuning” ∆(t) vanishes asymptotically (see Fig. 2a),
getting then established a dynamical reply of the system
as if it were under the generalized resonance condition.
2. CASE 2
The second scenario is based on the following assump-
tion
Θ(t) = 2tan−1
(
τ√
2+ τ2
)
, (41)
which, notwithstanding its apparent similarity with the
previous case given in Eq. (36), leads however to a re-
markable different temporal behaviour of the correspon-
dent generalized Rabi system. This time it results in∫ t
0
|ω(t ′)|
h¯
cos[Θ(t ′)]dt ′ = tan−1(τ), (42)
so that the solutions of (5) read
|a(t)|= 1√
1+ τ2
, |b(t)|= τ√
1+ τ2
= |a(t)|τ, (43)
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Figure 2: (Color online) Time-dependence of the
“detuning” h¯∆(τ)/|ω0|= β (τ) against the adimensional
time τ = |ω0|t/h¯ related to the example a) IVB1 and c)
IVB 2; transition probabilities P++ (τ) = |a(τ)|2 (full
blue) and P−+ (τ) = |b(τ)|2 (dashed red) for the
time-dependent scenario b) IVB 1 and d) IVB2.
and
φa(t) =
φω (t)−φω(0)
2
− tan−1
(
τ√
2+ τ2
)
− 1
2
[
τ
√
2+ τ2
2
+ sinh−1
(
τ√
2
)]
, (44a)
φb(t) =
φω (t)+φω(0)
2
− tan−1
(
τ√
2+ τ2
)
+
1
2
[
τ
√
2+ τ2
2
+ sinh−1
(
τ√
2
)]
− pi
2
. (44b)
Finally, the special form of ∆(t) underlying this specific
scenario is
∆(t) =
[
2+(1− τ2)(2+ τ2)
2(1+ τ2)
√
2+ τ2
] |ω(t)|
h¯
. (45)
In this case, it is easy to see that if |ω | = const. = |ω0|,
P−+ (t) = |b(t)|2 (P++ (t) = |a(t)|2) goes from 0 (1) to 1 (0)
asymptotically. These behaviours, evoking the transition
probabilities in the Landau-Zener scenario [28], are illus-
trated by full blue and dashed red lines, respectively, in
Fig. 2d. In this case, the time behaviour of the “detun-
ing” h¯∆(t)/|ω0| is characterized by an asymptotic linear
dependence on t, as shown in Fig. 2c. As in the res-
onant scenario, even here different time-dependences of
the magnetic field may give rise to qualitatively different
time evolutions of P−+ (t) with respect to the Rabi sce-
nario.
As a final remark we want to emphasize that it could
be very hard to get analytical expressions for a(t) and
b(t), in Eq. (7a) and (7b), respectively, depending on the
choice of Θ(t) and two of the three Hamiltonian param-
eters. Nevertheless, such a bottleneck does not influence
7our capability to predict the Rabi transition probability
and the expression of ∆(t) in order to know how to engi-
neer the magnetic fields to get the desired time evolution.
Indeed, we would be always able to find accordingly the
expressions of |a(t)| and |b(t)|. Thus, as a consequence,
when Ω(t), |ω(t)| and φ˙ω (t) are chosen in such a way
to generate the same detuning ∆(t), the related different
physical scenarios share the same analytical expressions
of |a(t)| and |b(t)| and then of all physical observables
depending only on these quantities, e.g. P−+ (t) or
〈±|U†(t)σˆ zU(t)|±〉=±h¯(|a(t)|2−|b(t)|2). (46)
V. AN EXOTIC APPLICATION
In this section we present a possible intriguing appli-
cation of our results in the classical context of guided
wave optics. Let us consider two electromagnetic modes
propagating in the same direction (say the z direction)
and characterized by the two complex amplitudes A and
B [29]. These may be defined in such a way that their
squared modulus, |A|2 and |B|2, represent the power car-
ried by the two modes. The amplitudes A and B does
not depend on the coordinate z if the medium through
which the modes propagate is unperturbed. However, in
a more realistic and experimental scenario several causes
may perturb the medium, e.g. an electric field, a sound
wave, surface corrugations, etc.. In this case, power is
exchanged by the two modes and the amplitudes result
mutually coupled in accordance with the following equa-
tions [29]
dA(z)
dz
= kab(z)e
−i∆zB(z),
dB(z)
dz
= kba(z)e
i∆zA(z).
(47)
Here ∆ is the phase-mismatch constant and kab(z) and
kba(z) are complex coupling coefficients determined by
the particular physical situation we analyse. The power
conservation may be written as
d
dz
(|A(z)|2 + |B(z)|2) = 0
and it is accomplished by the condition kab(z) =−k∗ba(z) =
k(z) [29]. It is easy to see that, after straightforward
algebraic manipulations, the system may be cast in the
following form
i
dV (z)
dz
= H(z)V (z), (48)
where V (z) = [A˜(z), B˜(z)]T , with
A˜(z) = A(z)ei∆z/2, B˜(z) = B(z)e−i∆z/2, (49)
and
H(z) =
(−∆/2 γ(z)
γ∗(z) ∆/2
)
, (50)
having put γ(z)≡ ik(z).
We see immediately that the problem under scrutiny
is mathematically equivalent to a Schro¨dinger dynami-
cal problem based on a su(2) Hamiltonian. The physical
relevance of our results in connection with this classical
guided wave optics scenario may be easily clarified. Writ-
ing V (z) = U (z)V (0), then the system reads
i
dU (z)
dz
= H(z)U (z), U (0) = 1, (51)
being nothing but the problem for which we have sets of
exact solutions related to specific relations between the
Hamiltonian parameters exposed in Sec. II. Therefore,
our solvability conditions and the specific cases reported
in Sec IV, adapted to the context under scrutiny, furnish
special links between ∆ and k(z) turning out in exactly
solvable scenarios for the classical problem of two prop-
agating modes in a perturbed medium.
VI. CONCLUSIONS
The Rabi scenario consists in a spin-1/2 subjected to
a time-dependent magnetic field precessing around the
quantized axis (zˆ) [8] and is characterized by three time-
independent parameters: Ω0, |ω0| and φ˙0. Rabi shows
that when Ω0 + h¯φ˙0/2 = ∆ = 0 the transverse magnetic
field acts as a probe of the energy separation 2Ω0 due
to the longitudinal field alone. The measurable phys-
ical quantity revealing Ω0 is the transition probability
P−+ (t) = 〈−|U(t)|+〉 which, at resonance, oscillates be-
tween 0 and 1 with frequency now referred to as Rabi
frequency.
In this work we generalize this Rabi scenario by assum-
ing an SU(2) general time-dependent Hamiltonian model
where then Ω0, |ω0| and φ˙0 are now replaced with time-
dependent counterparts. Along the lines of the Rabi ap-
proach [9], we firstly show that, in the rotating frame with
the time-dependent angular frequency φ˙ω(t), the condi-
tion Ω(t) + h¯φ˙ω (t)/2 = ∆(t) = 0 plays the same role of
the Rabi resonance condition in the Rabi scenario. Such
an occurrence makes of basic interest a direct compari-
son between the Rabi scenario and its generalized version
on both time-dependent resonance and out of resonance
(∆(t) 6= 0) cases. To bring to light the occurrence of analo-
gies and differences, we have focussed our attention on
the study of the transition probability P−+ (t) between the
two eigenstates of Sˆz.
We show that, on resonance, P−+ (t) depends only on the
integral of |ω(t)|. Our examples illustrate that this cir-
cumstance determines a transition probability character-
ized by three possible different regimes: oscillatory (the
only one dominating the Rabi scenario), monotonic and
mixed which means an initial oscillatory transient fol-
lowed by an asymptotic monotonic behaviour.
To capture significant dynamical consequences stem-
ming from the detuning time dependence, we have con-
structed [17] exactly solvable problems and analysed the
8corresponding quantum dynamics of the spin-1/2. We
have thus highlighted that when ∆(t) is proportional to
|ω(t)|, the main effect emerging in the time behaviour of
P−+ (t) is a scale effect both in amplitude and in frequency
(like in the Rabi scenario). We have further investigated
two specific exactly solvable scenarios of experimental
interest for which ∆(t)/|ω(t)| varies over time. One of
them predicts a Landau-Zener transition, while the other
an equal weighted superposition of the two states of the
system. It is important to underline that our examples
illustrate exactly solvable cases for which, then, the cor-
responding system dynamics may be fully disclosed. We
highlighted, however, that when one is interested in the
Rabi transition probability P−+ (t) only, it is enough the
knowledge of |a(t)| and |b(t)|. We point out that this cir-
cumstance leads us to wider and richer classes of physical
scenarios, since it gets us rid of possible analytical diffi-
culties stemming from Eq. (8).
We underline that the knowledge of the exactly solv-
able problems reported in this paper provide stimulat-
ing ideas for technological applications with single qubit
devices. In addition it furnishes ready-to-use tools for
interacting qudits systems [19–21], being of relevance in
several fields, from condensed matter physics [22, 23] to
quantum information and quantum computing [24–27].
As a conclusive remark, we emphasize the applicability
of our approach to the propagation of two electromag-
netic modes in a perturbed medium. We have shown the
mathematical equivalence of this problem to that of a 2x2
su(2) dynamical problem. As a consequence, the main
results achieved in our paper could be advantageously
adapted to a guided wave optics scenario.
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